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ABSTRACT 

By means 05 a partitioning method similar to that applicable 

t;p the one-e lec tron problem, the sixteen-component two-e lec tr on 

Breit equation is reduced to a four-component equation, involving 
._ 

only the "large" (i,e., positive energy) components of the wave 

function. The 

the results of  

Hami It onian. 

equation obtained by this method is compared 

a F-W transformation on the two-electron 

to 
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The Breit equation can be w r i t t e n  as 

= = o  

x 
C?+c oc"-E 

7 

E = t o t a l  energy = for non-stationary s t a t e s ,  

-e = charge of the e lec t ron .  

Superscr ip ts  I, I1 r e f e r  t o  e lec t rons  I, 11 respect ively,  

= Fntereiectron dhstance, 'H: x 'p," 'r_ -=-E 

$, 9 a r e  the  sca la r  and vector p o t e n t i a l s  of the  e x t e r n a l  

electromagnetic f i e l d ;  - ,Cr, pg 
Dirac matr ices  for e l e c t r o n  I with the  four-dimensional un i t  

a r e  d i r e c t  products of  4 x 4 

matrix for  e l e c t r o n  11: an.d 

i s  the Bre i t  approximation to the  r e l a t i v i s t i c  i n t e r a c t i o n  between 

two e lec t rons  (neglecting quantum f i e l d  e f f e c t s ) ,  and, €or weak 2 

e x t e r n a l  f i e l d s ,  i s  a good approximation t o  f i r s t  order i n  

per turba t ion  theory.  

depends F 2E k- 2 % -  
_. The wave funct ion - 

on the pos i t ions  o f  the  two e l e c t r o n s  azzd has s ix teen  spinor 

1 



components. can be considered as a d i r e c t  product of two 
r 

one-electron, four-component spinor wave functions,  d) 

2 

and 

and 

c, 1 -= w.4 sad. 
Each of p r a n d  q z c a n  be par t i t ioned  into l a rge  (6 ) and 

small  (1 ) components: 

Consequently, (. Y p  ,E ) can be p a r t i t i o n e d  a s  follows : > -  - 
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where i s  the (4  x 4 )  u n i t  matrix and 9 ' , - r3 a r e  sp in  

operators  qc t ing  on e l e c t r o n s  I, I1 respec t ive ly :  

rcI where 1, r9 a r e  u n i t  vectors  i n  the  x, y, z di rec t ions .  

With t h i s  notat ion,  

where 
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Equation 1 can now be -&itten as four equations i 

only (1; x 4) matrices and four-component s p  

then equat ions 3,6 and 3,c can be solved formally  fork,^ and 

+m,, i n  terms of . qa,% and @@,Q ,, I f  these are 

s u b s t i t u t e d  i n t o  equation 3,d  an expression fo r  q 8 , J  as a 

funct ion of *,,a is obtained, and hence $,B and q d , \ ~  

can a l s o  be expressed i n  terms of ., S u b s t i t u t i o n  of these 

expressions i n t o  equation 3,a y i e l d s  an equation involving only 
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( 4 )  
e x  - CaAd+eB)-, +a, aAh 

Since the  Breit equat ion Is a good approximation only t o  

f i r s t  order,  i t  I s  s u f f i c i e n t  t o  include only those terms i n  

which involve and I t o  zeroth or  f i r s t  order.  I n  t h i s  

H' 
. .  

approximation : 

+ 

+ 2 2 2  hPgherorder terms involving X I  h21, I and A312. 

As woi ld 'be  expected, K' is-symmetric with r e spec t  t o  interchange 

of t he  two e l ec t rons ,  and i s  a hermit ian operator .  

3 I f  F i s  any a r b i t r a r y  operator, then 



6 

Since all terms i n  Hn i.nvolving g, are already mult ipl ied by A ,  

then 

and, t o  t h i s  order,  [F9 g2] = 8 

[ F , J ~  = o Then, t o  f i rs t  order i n  A and I , for  s t a t i o n a r y  

s t a t e s ,  equation 5 reduces t o :  

- 
7 need only be considered to zeroth order i n  1 , 82 

To f i r s t  order i n  , 

f I-I" 
where E' and 

e l e c t r o n  i , 
Et a r e  the  e l e c t r i c  and magnetic f i e l d s  a t  

.a . = I, 2 
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& Consider the case where both e lec t rons  are a large dis tance,  

i .e. > >> E r, = I - q S ?  lo c m I  from any 

point  sources.  I n  t h i s  case, 8 i s  a well-behaved funct ion 

(no s i n g u l a r i t i e s ) ,  and the operators  81 Emd 82 can be expanded 

as follms: 

- 1 3  

5 

4 
Using the operator i d e n t i t y :  

For s t a t i o n a r y  s t a t e s ,  (a .+ g 4)) = 0 , so  t h a t ,  
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t o  f i r s t  order i n  X 

2 These s u b s t i t u t i o n s  y i e ld  equation 6 with g and g 

01 02 

1 

everywheie replaced by g and g , and the  add i t iona l  t e r m :  

and 802 = 1 t o  zeroth order i n  

i n  X ,  H'= - 
A Also, t o  zeroth order 

Lm 

s o  t h a t :  

Subs t i t u t ion  of these  values for  gl, g2, d , and vz"2r = 

i n t o  equations 6 and 7 y i e l d s :  

0 7  H" = 
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This  agrees with t h e  r e s u l t s  obtained using t h e  Foldy- 

Wouthuy s en  (FW) t r a n s  for  m a t  ion,  6y7 

t he  terms involving I were neglected. The FW transformation 

a l s o  led t o  a t e r m  of t he  form 

which was not  obtained using t h i s  p a r t i t i o n i n g  method, and, 

according t o  Barker and Glover , t h e  t e r m  involving 

except t h a t  i n  t h e  FW method, 

2 

g(z) 1- c pT-- 
7 s ( ~ ) ( ( s ~ ~ x )  

should be mul t ip l i ed  by a f ac to r  of 2/3 . 
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and I) = ( a = ( \ -  

Therefore, i n  the  l i m i t  as + 0 , the  leading 

term i n  H '  i s  : 

The terms involving the del ta  function of do not 

cont r ibu te  t o  HP i n  t h i s  l i m i t ,  as they contain a fac tor  of 

-51. For p of the order of ro : - 

c [ \ -  L O \ - l  i s  well-behaved (as a function of r 1, r - 38 
except i n  the neighbourhood of V = rC ; 
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Thus, the weighting f a c t o r s  of the  various t e r m s  of equation 6 

a r e  well-behaved functions of P f o r  r\b F,, or f o r  r 

but  e x h i b i t  s t range s i n g u l a r i t i e s  when 

seen i n  the  graphs of 9 q,,, PqQ: , etc, 

11. Consider the  case where the  e l e c t r o n s  are i n  the neighb od 

of a s p i n l e s s  nucleus of charge Z e .  Then, 

p r_ re e This can 

- 
i 

.p= = + +q> 'p t =  B o r  7 

where %:+is the  e l e c t r i c  p o t e n t i a l  a t  e l e c t r o n  's due t o  t h e  

r' nuclear charge, and cf&* i s  the  e lec t r ic  p o t e n t i a l  a t  i 

due t o  t h e  e x t e r n a l  f i e l d .  

E' by 27 Then, i n  equation 6, i s  replaced by E , 
P E-., and the  following a d d i t i o n a l  t e r m s  must be in&Auded: 

Conclusions: It can be seen that, f o r  i n t e r e l e c t r o n i c  

sepa ra t ions  other  than those of t he  order of 9ps= \ . q D ' ? X 1 6 ' 3  6m I 

t h i s  p a r t i t i o n i n g  technique y i e l d s  r e s u l t s  which agree with t h e  

r e s u l t s  obtained using t h e  FW type transformation. Apart from 



1 2  

- 

numerical f ac to r s  multiplying d e l t a  functions and the non-occurrence 

of some de l ta  functions i n  the  p a r t i t i o n i n g  method, the chief  

discrepancies  are the  s i n g u l a r i t i e s  of the inverse operators a t  

i n t e r e l e c t r o n i c  separat ions of the order of r, . It i s  not  

obvious what, i f  any, physical  s ign i f icance  should be at tached t o  

t h l s  behaviour . 
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